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1 The classical theory of Borel sets

Definition A space is Polish if it is separable
and admits a complete metric.

We then say that the Borel sets are those ap-
pearing in the smallest o-algebra containing the
open sets.

A set X equipped with a o-algebra is said to be
a standard Borel space if there is some choice
of a Polish topology giving rise to that o-algebra
as its collection of Borel sets.

A tunction between two Polish spaces,
f: X =Y,

is said to be Borel it for any Borel B C Y the
pullback f~1[B] is Borel.

We have gone through a number of examples
in the first two talks. There is a sense in which
Polish spaces are ubiquitous.
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The notion of standard Borel space is slightly
more subtle.

However it turns out that there are many ex-
amples of standard Borel spaces which possess
a canonical Borel structure, but no canonical
Polish topology.!

Theorem 1.1 (Classical) If X s a Polish
space and B C X 1is a Borel set, then B
(equipped in the o-algebra of Borel subsets
from the point of view of X ) is standard Borel.

Theorem 1.2 (Classical; the “perfect set the-
orem”) If X s a Polish space and B C X 1s
a Borel set, then exactly one of:

1. B 1s countable; or

2. B contains a homeomorphic copy of Can-
tor space, 2 (and hence has size QNO).

IIndeed, since we are mostly only considering Polish spaces up to questions of Borel structure, it is natural to discount the
specifics of the Polish topology involved. 3



Theorem 1.3 (Classical) If X is a standard
Borel space, then the cardinality of X is one
of {1,2,3, ..., R, 2801

Moreover!

Theorem 1.4 (Classical) Any two standard
Borel spaces of the same cardinality are Borel
1somorphic.

Here we say that X and Y are Borel isomor-
phic if there is a Borel bijection

f: X->Y

whose inverse is Borel.?

Thus, as sets equipped with their o-algebras
they are isomorphic.

There is a similar theorem for quotients of the
form X/FE, FE a Borel equivalence relation.

2In fact it is a classical theorem that any Borel bijection mlélft have a Borel inverse



2 The analogues for Borel equivalence relations

Definition If X is a standard Borel space, an
equivalence relation £ on X is Borel if it ap-
pears in the o-algebra on X x X generated by
the rectangles A x B for A and B Borel subsets
of X.

Theorem 2.1 (Silver, 1980) Let X is a stan-
dard Borel space and assume E 1is a Borel
equivalence relation on X. Then the cardi-

nality of X/E is one of
{1,2,3,....,Rg, 280},

However here there is no moreover.

In terms of Borel structure, and the situa-
tion when X/F is uncountable, there are vastly
many possibilities at the level of Borel structure.



Definition Given equivalence relations £ and
F'" on standard Borel X and Y we say that E is
Borel reducible to F', written
E SB Fa
if there is a Borel function
f: X—->Y
such that

01 Exy & f(21)F f(z)

We say that the Borel cardinality X/FE is
less than the Borel cardinality of Y/F, writ-
ten

E <p F,
if there is a Borel reduction of £ to F' but no
Borel reduction of F' to E.

In the language Borel reducibility, there is a
sharper version of Silver’s theorem, which he
also proved without describing it in these terms.
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Theorem 2.2 (Silver) Let E be a Borel equiv-
alence relation on a standard Borel space.
Then exactly one of:

1. E <pid(N); or
2.id(R) <p F.

One of the major events in the prehistory of
the subject is Leo Harrington'’s alternate and far
shorter proof of Silver’s result using a technol-
ogy called Gandy-Harrington forcing.

Building on this technology with the combina-
torics of an earlier argcument due to Ed Effros,
the whole field of Borel equivalence relations was
framed by the landmark theorem of Harrington,
Kechris, and Louveau.



Recall that Ej is the equivalence relation of
eventual agreement on infinite binary sequences.

Theorem 2.3 (Harrington, Kechris, Louveau,
1990) Let E be a Borel equivalence relation
on a standard Borel space. Then exactly one

of:
1. E <gid(R); or
2. by <p L.

This raised the fledgling hope that we might be
able to provide a kind of structure theorem for
the Borel equivalence relations under <p, but
before recounting this part of the tale I wish to
describe the analogies which exist in the theory

of L(R) cardinality.



3 Cardinality in L(R)

Definition L(R) is the smallest model of ZF

containing the reals and the ordinals.

Although this quick formulation finesses out of
the need to provide any set theoretical formal-
ities, it rather disguises the true nature of this
inner model.

[t turns out that L(R) can be defined by sim-
ply closing the reals under certain kinds of highly
“constructive” operations carried out through
transfinite length along the ordinals. It should
possibly be thought of as the collection of sets
which can be defined “internally” or “primi-
tively” from the reals and the ordinals.

In this talk I want to think of it as a class
inner model which contains anything one might
think of as being a necessary consequence of the
existence of the reals.



It also turns out that ZFC is incapable of de-
ciding even the most basic questions about the
theory and structure of L(R).

On the other hand, if L(R) satisfies AD, or

the “Axiom of Determinancy” then almost all
those ambiguities are resolved.

Following work of work ot Martin, Steel, Woodin,
and others, we now know that any reasonably
large “large cardinal assumption” implies L(R) =

AD.

This along with the fact that L(R) = AD
has many regularity properties displayed by the
Borel sets (such as the perfect set theorem for
arbitrary sets in standard Borel spaces, all sets
of reals Lebesgue measurable) has convinced many
set theorists, though not all, that thisis the right
assumption under which to explore its structure.

10



[ am not going to ask the audience to necessar-
ily accept this perspective. I am simply going
to examine the cardinality theory of L(R) as a
kind of idealization of the theory of Borel cardi-
nality.

From now on in this part I will as-
sume

L(R) = AD.

Definition For A and B in L(R), we say that
the L(R) cardinality of A is less than or equal
to the L(R) cardinality of B, written

AlLwr) < [Blrw):»
if there is an injection in L(R) from A to B.
Similarly

Al wr) < IBlL®):
if there is an injection in L(R) from A to B but
not from B to A.
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Since the axiom of choice fails inside L(RR),
there is no reason to imagine that the L(R) car-
dinals will be linearly ordered, and in fact there
are incomparable cardinals inside L(R).

[t turns out that the theory of L(R) cardinal-
ity simulates and extends the theory of Borel
cardinality:.

In every significant case, the proof that
b <pF
has also given a proof that
X/E| L) < [Y/F|pm).

This is partially explained by:

Fact 3.1 For E and F' Borel equivalence re-
lations one has

E <L(R) F
iof and only if
R/E|LRr) < [R/F|Lw)-
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The two dichotomy theorems for Borel equiv-
alence relations allow a kind of extension to the
cardinality theory of L(R).

Theorem 3.2 (Woodin) Let A € L(R). Then

exactly one of the following two things must
happen:

1 [Alpg) <
2 R|pm) <

Theorem 3.3 (Hjorth) Let A € L(R). Then

exactly one of the following two things must
happen:

LAl ) < [P(@)| ), some ordinal o; or
2.|P(w)/Fin|r) < [A|Lw).

Here ‘P(W)/FIH‘LGR) — ‘QN/EO‘LGR)? thus Pro-
viding an analogy with Harrington-Kechris-Louveau.
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4 Further structure

Definition Let E¢ be the equivalence relation
of eventual agreement on RY. For #, 7 € (2NN,
set Z(Ep)Ng if at every coordinate z,, Eyyn.

Theorem 4.1 (Kechris, Louveau) Assume
E<g EL.

Then exactly one of:

1. <p Ey; or

9. E <pE.

Theorem 4.2 (Hjorth, Kechris) Assume
E <p (Ey)Y.

Then exactly one of:

1. <p Ey; or

2. (BN <pE.
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Admittedly these are far more local in nature.

These are the only immediate successors to E
which we have established.

There is an entire spectrum of examples, con-
structed by Ilijas Farah using ideas from Banach
space theory, for which it seems natural to sup-
pose they must be minimal above Ey.

However this remains open, due to problems
in the theory of countable Borel equivalence re-
lations which appear unattainable using current
techniques.

Moreover Alexander Kechris and Alain Lou-
veau have shown that there is a sense in which
there are no more global dichotomy theorems
after Harrington, Kechris, Louveau.

15



5 Anti-structure

Theorem 5.1 (Louveau, Velickovic)

There are continuum many many <pg n-
comparable Borel equivalence relations.’

In fact we can embed P(N) into <pg:

There s an assignment
S— Eg

of Borel equivalence relations to subsets of N
such that for all S, T C N we have that T'\ S

s finite iof and only if
Er <p Eg.

Thus there is nothing like the kind of struc-
ture for Borel cardinality that one finds with
the Wadge degrees.

3This first part may have been proved earlier by Hugh Woci%in in unpublished work.



Theorem 5.2 (Kechris, Louveau) There is
no Borel 2 >p Ey with the property that for
all other Borel F' we always have one of:

1.F<p FE; or
2.F <pF.

Two key facts: First of all, Kechris and Lou-
veau showed that £ is not Borel reducible to
any ¢ arising as a result of a continuous Pol-
ish group action® and secondly Leo Harrington
showed that the Borel E’s of this form are un-
bounded with respect to Borel reducibility:

Theorem 5.3 (Harrington) There is a col-
lection {FEy @ a € w} of Borel equivalence
relations such:

1. Fach E,, arises as a result of the continu-
ous Polish group action on a Polish space;

2. For any Borel F' there will be some o with
E, not Borel reducible to F'.

4A theoreom due to Howard Becker and Alexander Kechris theorem on changing topologies in the dynamical context shows
that there is no basically no difference between equivalence relations induced by continuous actions and induced by Borel
actions. However it is important that the responsible group be a Polish group — there are certain traces of rigidity for Polish
groups, whereas Borel actions of Borel groups can induce any 1B7OI‘61 equivalence relation one cares to name




To sketch a proof by contradiction of Kechris
and Louveau’s result, suppose E was a Borel
equivalence relation with the property that for
all Borel F' we have one of:

1.FF <p E;or
2.FE<pF.

Referring back to Harrington’s theorem, there

will be some a with E, not Borel reducible to
E.

Thus since 1 fails for F' = E, we must have

E<B E@

But E7 is not Borel reducible to any Polish
oroup action, and hence using the same reason-
ing we must have £ <p Fj.

Which by the Kechris-Louveau dichotomy the-
orem yields I <p Ej.
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However this proof prompts the following re-
sponse:

Question Let £ be a Borel equivalence rela-
tion. Must we have one of the following:

1. £ <p Eq some Eq induced by the continu-
ous action of a Polish group on a Polish space;
or

2. E1 <p E"

In other words, is £ the only obstruction to
“classification” or “reduction” to a Polish group
action?

At present this is wide open.

The question has, however, been positively an-
swered by Slawomir Solecki in many special cases.
In particular, his penetrating structure theorem
for Polishable ideals proves it for equivalence re-
lations on 2N arising as the coset equivalence
relation of some Borel ideal.



6 Dichotomy theorems for classification by countable structures

Definition An equivalence relation £ on a Pol-
ish space X is classifiable by countable struc-
tures if there is a countable language £ and a
Borel function

f: X — Mod(£)
such that for all x1,29 € X
v1Bxy < f(x1) = f(x2).

This notion of classifiability has been subject
to close scrutiny, in part since it is so natural
from the perspective of a logician.”

It might also provide a template of what we
could hope to achieve with other notions of clas-
sifiability, where some kind of structure theo-
rems can be proved without appeal to a Har-
rington, Kechris, Louveau type dichotomy the-
orem.

5In fact a Borel equivalence relation E will be L(R) classifiable by countable structures if and only if | X/E|lp®) < |HC| -
classifiability in this sense amounting to reducible to the herecéi(t)arily countable sets



Theorem 6.1 (Farah ) There is a family of
continuum many Borel equivalence relations,
(Er)reRr, such that:

1. each E, is induced by the continuous ac-
tion of an abelian Polish group on a Polish
space; and

2.no E, 1s classifiable by countable struc-
tures;

3. for r # s the equivalence relations are in-
comparable with respect to Borel reducibil-
1Y,

4.1 E <p Ey, any r, then E is essentially
countable, and hence classifiable by count-
able structures.

This says that there is no single canonical ob-
struction to be classifiable by countable in the
way we find Ej as a canonical obstruction to
smoothness.
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Definition Let GG be a Polish group acting con-
tinuously on a Polish space X. For V' an open
neighborhood of 1, U an open set containing
x, we let

O(x,U, V),
the U-V -local orbit, be the set of all = € [z]q
such that there is a finite sequence

(@i)i<k CU
such that
Ty =2, T} =42,
and each
Tiy1 €V -z

Definition Let GG be a Polish group acting con-
tinuously on a Polish space X. The action is
said to be turbulent if:

1. every orbit is dense; and
2. every orbit is meager; and

3.for x € X, the local orbits of x are all some-
where dense.
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Farah’s theorem tells us we can not find even
finitely many Borel equivalence relations which
are canonical obstructions for classification by
countable structures.

Theorem 6.2 (Hjorth) Let G be a Polish group
acting continuously on a Polish space X with
induced orbit equivalence relation Eg As-

Sume Eé( 18 Borel.
Then exactly one of:

1. Eé( 15 classifiable by countable structures;
or

2. G acts turbulently on some Polish space Y
and

Y X
EL <p EX.

There are in fact cases where one can rule out
the existence of turbulent actions by a group,
and thus show all the orbit equivalence relations
induced by a certain Polish group must be clas-
sifiable by countable structures.
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Theorem 6.3 Let G be a Polish group act-
ing continuously on a Polish space X with
induced orbit equivalence relation Eg As-

sume Eé 1s Borel.
Then exactly one of:

1. Eé 1S smooth; or

2. G acts continuously on a Polish space Y
with all orbits dense and meager and

Y X

Definition If G is a Polish group acting on a
Polish space X, we call X stormy it for every
nonempty open V' C G and x € X the map

V — [z]g

gr—=g9-x
1s not an open map.

In a manner parallel to the theory of turbu-
lence stormy provides the obstruction for being
essentially countable.



7 The wish list

Question Let £/ be a Borel equivalence rela-
tion.

Must we have one of:

1. E <p Eg for some Eg arising as the orbit
equivalence relation of a Polish group acting
continuously on a Polish space; or

2. B <p E?

More generally, if we could establish that there
is some analysis of when an equivalence relation
is Borel reducible to a Polish group action, then
we could lever the theorems regarding turbu-
lence and stormy actions to gain a general un-
derstanding of when a Borel equivalence relation
admits classification by countable structures or
is essentially countable.
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Question Let F arise from the continuous
action of an abelian Polish group on a Polish
space. Let IF <p FE¢g be a Borel equivalence
relation with countable classes.

Must we then have 2 <p Ej?

If so, then Farah’s earlier examples would ob-
tain continuum many immediate successors to
Eg in the <p ordering.

Other work of Farah would obtain Borel equiv-
alence relations which are above £y but have no
immediate successor to E below.
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Is there a kind of generalized dichotomy theo-
rem for hyperfiniteness?

Most optimistically:

Question Let E be a countable Borel equiva-
lence relation. Must we have either:

1. B <p Ey; or

2. there is a free measure preserving action of
5 on a standard Borel probability space such
that EFQ SB E7

[t 2s known that no such Fp, is Borel reducible
to L.
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This seems wildly optimistic at present, and
perhaps it would be less rash to ask it only in
the case that E is treeable, but it would in par-
ticular have as one of its consequences a positive
answer to the following:

Question Let G be a countable amenable® group.
Suppose G acts in a Borel manner on a standard
Borel space X.

Must we have Eq <p Ey?

The closest result to this is given by a startlingly
original combinatorial argument due to Su Gao
and Steve Jackson who establish a positive an-
swer in the case GG is abelian.

There are no known techniques, or even hints
at ideas, which could provide a counterexample
to the above question.

6 Amenability can be characterized as the statement that for all F C G finite, € > 0, there is some A C G finite with

|AAg - A
|A]

all g € F.
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All known proofs that an equivalence relation
is not reducible to E( rely on measure theory,
and it follows from Connes, Feldman, Weiss that
any such & must be Borel reducible to F( on
some conull set with respect to any Borel prob-
ability measure.

In fact:

Question Let £/ be a countable Borel equiv-
alence relation. Are measure theoretic reasons

the only obstruction to being Borel reducible
to Ep’?

For instance, if E' is countable and not Borel
reducible to Ey, must it be the case that there
is a Borel probability measure p such that E| 4
is not Borel reducible to Ey on any conull A7

Any counterexample would require the devel-
opment of fundamentally new ideas about how
to prove some equivalence relations are not <p

Eo.
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